We dilate the scaling region of the lattice anharmonic oscillator at strong coupling by introducing the parameter δ. Performing expansion in δ, the calculation of the mass gap in the continuum limit via the series expansion effective at large lattice spacings is then studied. We show that the dilation on the mass parameter M recovers the scaling behavior of the hopping parameter β and allows for precise approximation of the mass gap.
I. INTRODUCTION
Recently a new computational method is proposed to improve the scaling behavior of strong coupling expansion on the lattice [1] . By the use of the method, scaling behavior of the N vector model at two dimension was reinvestigated by studying the relation between β = 1 g (g : bare coupling constant) and the square of the dimensionless mass M defined in the lattice momentum space.
The new method starts with the series expansion generally available such as strong coupling expansion or hopping parameter expansion. Specifically, β is expanded in 1/M such that β = k=1 b k M k and the function is dilated around M = 0 by the change of variable, M → M (1 − δ) (0 ≤ δ ≤ 1). To access the continuum limit, the dilated β at large M , β(M (1 − δ)) = k=1 b k M k (1−δ) k , was expanded also in the dilation parameter δ and the value of δ is tuned to unity. Since the series of β is always truncated and expanded in δ, there appears no divergence even δ is set to unity. Then, in a wide region of new M , logarithmic scaling in accordance with the asymptotic freedom was found in truncated 1/M series of dilated β in the large N limit. At N = 1, rough scaling behavior of Ising model was also found.
The proposed method has some similarities with the so called delta expansion [2] , [3] . The similarities become clear when the method proposed in [1] is applied to the continuum models with explicit mass term. Though the point of view from the dilation is not mentioned in the existing literatures, we thus use the term "delta expansion" to refer the method. However we like to point out following differences between the two methods: In the conventional delta expansion, the action S of interest is generalized by introducing a parameter δ to S δ = S 0 + δ(S − S 0 ) where S 0 represents some solvable one. Here δ is intro-duced as an interpolation parameter of S 0 and S. Physical quantities are then expanded in δ and non-trivial results emerge after the substitution δ = 1. However, in [1] , δ is introduced as the parameter to dilate the scaling region of the system described by S itself. Although the conventional delta expansion requires good choice of S 0 and critical use of the principle of minimum sensitivity [4] , in the new delta expansion, S 0 is obsolete and the later plays less important role.
The purpose of the present paper is to apply the new version of delta expansion to the anharmonic oscillator at strong coupling. A detailed study is presented on the subject of calculating the mass gap in the continuum limit, the gap energy between the ground state and the first excited state, via the series expansion effective at large lattice spacings. At strong coupling, the mass gap is generated non-perturbatively since it depends on the quartic coupling constant λ as const × λ 1/3 . Thus the present investigation serves us a good testing ground of the new method.
II. ANHARMONIC OSCILLATOR AND HOPPING EXPANSION
To focus on essential aspects, we confine ourselves with the pure anharmonic case where the harmonic mass term is absent from the action. The action S on the lattice with lattice spacing a is given by
where n (n = 0, ±1, ±2, · · · , ±L; L = 2L + 1) denotes a lattice site and the real field φ on the site n is written as φ n . The action can be simplified by rescaling field variables. Let the rescaled field ϕ be defined by
Then, the action takes the following form,
where [5] 
Note that the parameter β is small when a or λ is large. For the purpose of the present work, we need expansion of correlation length, or mass in momentum space in powers of β and we use a technique of hopping expansion [6] . As the first step we divide the action into the "potential"
V and the hopping term β ϕ n+1 ϕ n as
An average of Ω is then calculated as follows:
Here Z denotes the partition function given by
and Z may be expanded in powers of the hopping term.
A. Partition function to β
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Computation of expectation values includes the partition function as the divisor and we first compute Z to 8th order of β. The hopping expansion of Z to the first few orders reads
As shown in Figures 1 and 2 , it is convenient to use a graphical representation of each contributions. To we obtain
where
To complete the expansion, we must expand γ j in β. The result of the expansion is written in Appendix A and, using the result (A1), we have the full expansion of Z in powers of β. Exponentiating the contributions, we thus obtain where
The log of Z is exactly proportional to L, the total number of cites.
B. Mass variables from the two point function at large separation
To compute the mass gap in the continuum limit, we must address to the relation between β and a variable relevant to the mass. One of quantities of our concern is therefore the inverse of the correlation length ξ and it is extracted from the two point correlation function, ϕ 0 ϕ n at n ≫ 1. We calculate the correlation function by the use of the hopping expansion and, collecting the result to β n+8 in n, we obtain
where the coefficient c k (k = 0, 1, 2, · · ·) is given in Appendix B. By the exponentiation, we find that all terms involving n in the logarithm of ϕ 0 ϕ n are linear in n. Thus the exponential decay at large n, ϕ 0 ϕ n ∼ const exp(−n/ξ), is explicitly confirmed. Then we can
)n] at large n and
. By expanding c 1 /c 0 in β and γ j , we have the inverse of correlation length, 
One can obtain full expansion of ξ −1 by expanding γ j in β and the result reads 
On the lattice, the inverse of the correlation length and the mass in the momentum space are rather different objects. Their relation can be known by using Fourier representation. The Fourier representation of const
(1−cos θ) . By computing the integral, we find that
Note that at large ξ,
as it should be. On the other hand, at small ξ, M ∼ exp(ξ −1 ) and their mutual relation is quite different from (2.10). This might cause a non-negligible difference in the results obtained by the delta expansion as in the case of the large N anharmonic oscillator [7] . The actual results in the present case shall be discussed in the next section.
To make ready for the next section, we express 1/M as a power series of β and then invert the series. From (2.8) and (2.9), we find 
Inverting the above expansion, we arrive at 
III. SCALING IN 1/M EXPANSION AND ESTIMATING THE MASS GAP
In this section, we first study the scaling behavior of β as a function of M . Then, we try to evaluate the mass gap in the continuum limit via dilated 1/M series of β. Finally, we discuss the same subject by choosing various combinations of variables relevant to the mass gap computation.
A. Scaling and mass gap
Assume the scaling form
where · · · stands for the correction which vanishes in the M → 0 limit. The constant A is dimensionless and directly connected to the value of the mass gap as we can see below: From the definition of β, we obtain for small enough M
The right hand side is independent of a and the quartic coupling converges to its continuum value λ * in the a → 0 limit. Now, let the dynamical mass m in the continuum limit be defined conventionally by
Thus, a should disappear and then
and
The result (3.3) is derived by assuming the generation of the finite dynamical mass. We will show by applying delta expansion that the assumption is actually confirmed in the large M expansion of β. Then, we turn to the evaluation of A which cannot be guessed by such a dimensional argument.
B. Dilation and delta expansion with respect to M
To begin with let us see the behavior of 1/M series of β. Figure 3 shows the plot of (2.12) at 2nd and 9th orders. It is clear that the series breaks down around M ∼ 4 or so and this implies the limitation of 1/M series. The delta expansion drastically improves the utilities of 1/M series as we can see in the following. We dilate the scaling region of M by introducing δ via M → M (1 − δ) in the function β(M ). In the large M expansion (2.12), this means simply the change
−k in respective terms. As δ approaches to unity, M −k (1 − δ) −k diverges to infinity, suggesting the violation of the large M series. This is the point where the expansion in δ comes into play. We expand
and truncate at a relevant order of δ. According to [1] , we adopt a prescription that (M −1 ) i δ j is of order i + j and include it as a contribution to the full order K as long as i + j ≤ K. Then we see that (1 − δ) −k should be expanded to δ
and, by setting δ = 1 which means the infinite dilation, we find that M −k transforms as
Thus, we obtain the delta expansion of 
Thus, the asymptotic behavior is also dilated and the expansion in δ gives
It would be clear from Figure 4 that the power like behavior of the correct exponent (3.3) is seen at some finite region of M . For example at K = 9, scaling behavior has emerged at the region of M from ∼ 2 to ∼ 5. Note that the region where the scaling is exhibited is not restricted to the neighborhood of M = 0. This is a characteristic feature of dilated functions. The reason that the position of the dotted line shifts upwards as the order increases is that the factor Z K (3/4) is produced by the delta expansion. The factor grows with K as Having confirmed the scaling behavior, we like to show that the large M series allows us to estimate the exponent α. For straightforward evaluation, it is convenient to deal with the function
From (3.1), we find at small M ,
where · · · stands for the correction which tends to zero as M → 0. At large M we obtain from (2.12)
Now consider the dilation around M = 0 with the amplification factor (1 − δ) −1 . From (3.11), we find that P (M (1 − δ)) tends to the constant −α for all M as δ goes to 1. Hence, we examine whether the delta expansion of (3.12) exhibits the stationary behavior with the correct value of −α. Let us denote P in 1/M expansion to the order M −K be P K . Then, D[P K ], the delta expanded series of P K at large M , reads
(3.13) Figure 5 shows the plot of D[P K ] for K = 2, 5 and 8. It is clearly seen that D[P K ] indicates the correct value of α. Above orders 3 or 4, there appears a plateu and the width grows as the order of expansion increases. This is a signal that the delta expansion is successfully working. The evaluation of α at even orders may be performed by These are all close to the exact value, α = 3/4. Also at odd orders, evaluation is possible by selecting values at the minimum of (
We can also perform the evaluation of the constant A and the mass gap m. For the purpose, it is convenient to consider log β. The function behaves at small M
where · · · represents the correction and all terms in it vanish in the M → 0 limit. At large M , log β is written as
By subtracting α log M from log β we obtain the function Q = log β − α log M which converges to log A in the continuum limit;
log M , the leading term in Q, may be considered as the 0th order in 1/M expansion. Hence, at the full order K, it is natural to expand log M (1 − δ) to δ K . Then, we obtain by setting δ = 1,
Hence, denoting Q to the order K as Q K ,
We set α = 3/4 to evaluate the amplitude A. from (3.4) the following approximation of the mass gap in the continuum limit, m (λ * ) 1/3 = 1.06696, 1.07958, 1.08376, 1.08554.
(3.19) We can say that the approximation is in good agreement with the rigorous value, m/(λ * ) 1/3 = 1.087096 · · · [8] .
C. The comparison of various choices of basic parameter under the delta expansion
Up to now, we have argued the scaling behavior of β as a function of M . There are other choices of two quantities such that the mutual dependence at the scaling region gives the mass gap in the continuum limit. Furthermore, the choice of the basic variable to which the dilation is applied gives additional variations in our approach. In this subsection, we report the results in other various cases.
One natural basic parameter is β, since it appears in the action and used as an expansion parameter in the hopping expansion. Thus we study the scaling of ξ −1 and M −1 as functions of β. Since β → ∞ in the continuum limit, we make dilation around β = ∞ by shifting β → β/(1 − δ).
First consider ξ −1 (β). We examine whether it scales as
by performing the delta expansion. At small β, the delta expansion of ξ −1 to order K reads from (2.8)
At large β, we note that M as a function of β. From (2.11), we have series. Then we turn to the evaluation of the exponent 1/α = 4/3 as in the same manner of the previous subsection. Let us define the function P β = ∂ log 1/M ∂ log β and apply the delta expansion to P β . Figure 9 shows the plot of D[P β,K ]. The result indicates the correct value of 1/α = 4/3. However, due to the oscillatory nature, the explicit evaluation of the exponent is not a straightforward task. We conclude that considering ξ −1 (β) and M −1 (β) gives us rough and good scaling respectively but they are not the best choice for our approach. .
As the last case, let us consider β(ξ). To perform our method, one needs to invert (2.7). This may be done by expressing M −1 in terms of ξ and substituting the result into (2.10). Then one finds that β is expanded as a series of e −1/ξ such that β =
The expansion parameter becomes e −1/ξ and the continuum limit is taken out in it giving e −1/ξ → 1. The divergence of the continuum limit appears only in the whole series. In other words, expansion of β at small ξ is like a "low temperature expansion". Since the new delta expansion has been applied only to the "high temperature expansion" in basic parameter, we are in a situation different from the previous cases. Then let us proceed in a formal way. We dilate the region of ξ around ξ = ∞ by shifting ξ → ξ/(1 − δ) and then carry out expansion in δ. The result is, however, found to be poor and β(ξ) is not enough for the present purpose. We would like to mention that this problem was also reported at the large N anharmonic oscillator [7] . Thus we conclude that the choice of ξ as a basic parameter and considering β(ξ) is not adequate in our approach.
IV. CONCLUSION
The mass gap in the continuum limit is investigated by seeking the relationship between M and β or ξ and β at scaling. In our study based upon the delta expansion, the former pair is much convenient than the later. In fact, the superiority of M over ξ −1 is apparent in the case of the harmonic oscillator. The small β expansion of ξ Here note that β = 2 (am) 2 where m denotes the current mass. For ξ −1 the expansion becomes an infinite series and the inversion, too. On the contrary, for M −1 , the expansion terminates just at the first order of β and the result is exact. Thus, our work suggests that the mass variable in the momentum space is more suitable than the correlation length defined on the lattice space.
To conclude the present work, we have applied the dilation and expansion in dilation parameter to the anharmonic oscillator at strong coupling. The mass gap calculation was studied by choosing variables, the mass in the momentum space, the correlation length and the hopping parameter, as the parameter to which the dilation is applied. We found that the mass in the momentum space produced the best performance and the scaling of β(M ) at small enough M was clearly seen in the δ-expanded 1/M expansion at rather wide region of shifted M . The computation of the mass gap in the continuum limit was also successfully done.
